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Abstract-An analytical solution of the governing differential equation for gas absorption in laminar falling 
films with the first order homogeneous reaction and external gas phase mass transfer resistance is shown. The 
analysis is simplified by introducing a phenomenological mass transfer coefficient, Bi, that is a Biot number. 
An enhancement factor is defined as the ratio of the calculated absorption rates and the absorption ratea 
found from a simple penetration model. It is shown also that external gas phase mass transfer resistances can 
significantly lower the absorption rates compared with those found when gas phase resistances are not 

present. 

NOMENCLATURE 

%I, parameter in the confluent hypergeo- 
metric function defined in equation 

(11); 
4 nth coefficient required in the solution 

for the developing con~ntration 
profile ; 

b, parameter = l/2 used in equation (10) ; 
Bi, Biot number (= M/D); 

G dimensionless liquid phase 
con~ntration ; 

D, liquid phase diffusion coefficient 

[m'/s]; 
6 enhancement factor defined in equation 

(21); 
h, gas phase mass transfer coefficient 

Cm/s] ; 
Hi, Henry’s law constant ; 
k, first order reaction rate constant [l/s] ; 
W dimensionless absorption rate; 
A4(u, 6; y), confluent hy~rgeomet~c function 

[131; 
Pi, partial pressure in the gas phase of 

species i; 

Pt. 8, partial pressure at the gas-liquid 
interface; 

Pe, Peclet number for mass transfer 
(= O/D); 

r, dimensionless reaction rate; 
t, characteristic time [s] ; 

% interfacial liquid velocity [m/s] ; 

%9 velocity profile (dimensionless); 

Y, dimensionless penetration distance 

(=X9; 
z, dimensionless axial distance 

[ = .E/(i(s Fe]. 

* Permanent address: Department of Chemical and 
Biochemical Engineering, Rutgers - The State University, 
New Brunswick, NJ 08903, U.S.A. 

Greek symbols 

a2, reaction rate constant (= kd’/D); 
6, film thickness [m] ; 

nth eigenvalue; 
nth eigenfunction defined by equation 

(10). 

Superscripts 
I 
, 
co, 

-9 

Subscripts 

4 
0, 
P* 
I, 

s, 

local value; 
value obtained for Bi = co, no gas phase 
resistance; 
dimensionai quantity. 

developing solution; 
evaluated for physical absorption only; 
penetration ; 
reaction ; 
stationary solution. 

INTRODUCTION 

THE ABSORPTION of gases into liquid films has nu- 
merous practical applications and is a widely used 
separation technique in the chemical processing in- 
dustry. That the absorption rates are enhanced by 
simultaneous homogeneous reactions occurring in the 
liquid phase is well known and has been extensively 
studied both theoretically and experimentally (see [1], 
Chapter 8). 

In general, the governing equation for the absorbed 
species in the liquid phase is given, in dimensionless 
form, by [2], p. 11): 

8C de 
--r ayz = fJz & ut 

where v, is the dimensionless velocity profile and i is 
the dimensionless reaction rate. The penetration and 
axial coordinates are y and z, respectively. When v, is 
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constant (plug flow assumption), equation (1) de- 
scribes the equivalent situation of unsteady state 
diffusion into a stagnant liquid ; in this case, z is a 

dimensionless penetration time. Subject to this simpli- 
fication, various ‘penetration models’ have been de- 
scribed that assume an infinitely deep liquid phase and 
solutions have been published for different reaction 
rate expressions. For example, Astarita and Marruci 
[3] have considered absorption with a zeroth order 
reaction, and Danckwerts has treated the case of first 
order reaction as well as second order reactions with 
one non-volatile reactant in the liquid phase [4]. When 
v, is given by a parabolic profile [S] and, therefore, 
finite film thicknesses considered, solutions to equation 
(1) have been obtained for purely physical absorption, 
i = 0, by various investigators [6-81. Absorption with 
a first order reaction for this ca.se has been treated by 
Stepanek and Achwal [9] and, recently, by Best and 
Hoerner [lo]. 

In most instances, the existence of significant gas 
side mass transfer resistances on the rate of absorption 
was neglected. As pointed out by Tamir and Taitel 
[ll], however, the effect of gas side resistance on the 
absorption rates can be appreciable, particularly when 
fast chemical reaction takes place in the liquid phase. 
In fact, gas side mass transfer will limit the absorption 
rates when the liquid phase homogeneous reaction is 

infinitely fast. Of course, when absorption occurs from 
a pure (one component) gas, this effect is not present. 
In practice, however, absorption is from a multicom- 
ponent mixture. 

In this report, we consider the effect of gas side mass 
transfer on the absorption of a single volatile species 
from a multicomponent mixture. The analysis is 
simplified by neglecting variations in the bulk gas 
phase reactant concentration and by introducing a 
macroscopic mass transfer coefficient rather than 
solving the complicated boundary layer equations in 
the gas phase [ 111. We also compare our results for no 
gas phase mass transfer resistances with those recently 
published [lo] and point out some discrepancies. 

THEORY 

We consider equation (1) where u, is assumed to be a 
parabolic profile and I: is a first order homogeneous 
reaction, i.e. : 

0, = 1 - y2 (2) 

and 

i = - aZC. (3) 

The coordinate system used and the physical de- 
scription of the absorbing film are shown in Fig. 1. The 
interfacial concentration of the absorbing species is 
assumed to be in equilibrium with the prevailing 
partial pressure in the adjacent gas phase and is given 
in terms of a constant Henry’s law coefficient, Hi (see 
Fig. 1). The concentration is normalized to the equilib- 

C = H,t/p, y : y,i J 2bPE 

FIG. 1. Schematic of a falling liquid film showing the 
coordinate system considered and the dimensionless 

coordinates. 

rium concentration evaluated at the bulk partial 
pressure. The dimensionless coordinates z and y are 
defined in Fig. 1 where the Peclet number is Pe = 
v,6fD. The rate constant in equation (3) is a2 = kh2/D, 
where k is the first order dimensional rate constant. 
The boundary conditions are: 

c=o; z=o; 05yll (4) 

ac -_= 
ay 

-&(1-C); ->o; y=o (5) 

dc=O. z>O. r-1 
ay ’ ‘- ’ 

where the Biot number is Bi = hh/D and h is the 
dimensional mass transfer coefficient for the gas phase. 
Best and Hoerner [lo] have solved equations (l)-(6) 
for the case of no gas phase mass transfer resistances, 
Bi = z. 

The solution for any value of the Biot number is 
formulated in terms of a stationary solution, C,, that 
satisfies the inhomogeneous boundary condition given 
by equation (5) and a developing solution, C,, that 
satisfies the homogeneous boundary condition : 

ac, --=BiCd; z>O; J=O. 
ay 

The concentration is then obtained as the sum of the 
stationary and developing solutions. As shown by 
Stepanek and Achwal [9], C, is a function only of y, 
such that: 

c, = 
cosh[a(l - y)] 

cash a + (a sinh a)/%’ 
(8) 

The developing concentration profile can be eva- 
luated using the transformations of equations (l)-(4), 
(6) and (7) described by Davis [12]. The solution 
satisfying equation (7) is found in this manner to be: 



Absorption in laminar films 301 

(9) 

where : 

#,(y) = [Mta,,b;k~~) + Biy M 

x (a, + b, 2 - b ; &,y’)] exp( - &y2/2). (10) 

The function M(a, b; y) is the confluent hyper- 
geometric function [13] and is easily evaluated using 
simple numerical techniques [14]. In equation (10): 

a, = (1 - 3,” + ff2/&)/4 (II) 

b = l/2. (12) 

The eigenvalues, 3,,, and coefficients, A,,, are de- 
termined by evaluating the sohrtion for the con- 
centration profile at the boundary conditions equa- 
tions (6) and (4), respectively. When the Biot number is 
infinite, the solution for (6. is given by [ lo]: 

4.” = %,“2yM(ua. + b, 2 - b; &,y2) 

exp( - Ld2/2). (13) 

The local dimensionless absorption rate, rir’, is: 

ti = Kfi?y . (14) 
)‘=o 

When the Biot number is finite, equation (5) can be 
used to evaluate the gradient. From the solution, 
equation (8) plus (9), we obtain that: 

Bi a tanh a 

*=Bi+atanha- 
Bi i A, e-ltz_ (15) 

II=1 

When Bi = co: 

m 
*tm m = a tanha - 1 AJ.:/2e-1~Z. (16) 

II=1 

The absorption rate associated with the stationary 
part of the concentration profile satisfies an additivity 
relation. If we let tii be the absorption rate for the 
stationary solution, then : 

(17) 

The first term on the RHS of equation (17) is a 
resistance to mass transfer in the gas phase and the 
second term can be thought of as a resistance to mass 
transfer due to finite reaction rates in the liquid phase. 

The total absorption of the volatile species into the 
liquid film, ti, is found by integrating equations (15) or 
(16) along the film length, z : 

fi= 
Bi a tanh a 

Bi + atanha 
z - Bi f A”(1 -e-“:‘) (18) 

“=, 1; 

andforBi= US: 

nim = utanhaz - j1 $(I - e-% (19) 

In order to compare the absorption rates evaluated 

with the combined influence of gas phase mass transfer 
resistances and finite film thicknesses, we introduce the 
absorption rate found from the simple penetration 
model, that assumes no reaction ([l], p. 71): 

ti: = (42/7r)“2. (20) 

RESULTS AND DISCUSSION 

The eigenvalues and coefficients in equations (10) 
and (11) have been numerically evaluated for different 
values of the Biot number and reaction rate parameter, 
a, and are shown in Table 1. The results for infinite Bi 
agree exactly with those recently published by Best and 
Hoerner [lo]. 

An enh~cement factor, E, is defined for the absorp 
tion system as the ratio of absorption rates using 
equations (18) or (19) and (20): 

E = ni,‘@‘. (21) 

The enhancement factor is plotted in Fig. 2 as a 
function of the modulus [(7~/4)(t~/t,)]~‘~, where t, is a 
characteristic time for penetration (a residence time), 
and r, is the characteristic time for reaction. They are 
defined as: 

t, = .5/v, (22) 

t, = l/k (23) 

The inte~retation of the figure is facilitated by 
recognizing that the modulus can be rewritten as: 

C(71/4)(~&)1 1’2 = (ez)/@?. (24) 

The linear regions of the graph, observed for small 
and large tdt,, represent regimes of diffusion and 
reaction control of absorption, respectively. At either 
region ti = constant (az), as seen from equations (21) 
and (24). In the diffusion regime, the curves are 
approximately separated by a distance corresponding 
to the log of their a2 ratios provided that a is not too 
large. This implies that the reaction rate has no 
influence on the absorption rate. At the other extreme, 
the reaction will control the absorption rate since the 
developing concentration profile is almost zero. From 
equation (19) we see that the curves should correspond 
to Ct = tanh bl (az). Best and Hoerner [lo] have derived 
a more general expression for the enhancement factor 
at large values of the modulus for which tanh a is the 
leading term. They have also presented the same graph 
shown in Fig. 2; however, the curves drawn imply that 
the enhancement factor is unity for values of the 
modulus less than 0.1. Also, the lines corresponding to 
large a values are not correct. 

The existence of a diffusion controlled regime for 
absorption disappears for large a values. Figure 2 is 
typical of absorption rate behaviour in the presence of 
homogeneous reaction ([ 11, p. 308), and similar curves 
are observed for different values of the Biot number. 

Figure 3 shows how the enhancement factor varies 
with the modulus for a2 = 0.1 when the Biot number is 
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FIG. 2. The enhancement of absorption, $/nip, as a function of the modulus, [(4/~~r~r,)]“’ used by Rest and 
Hoerner [lo], with the dimensionless reaction constant as the parameter. Note that the modulus can also be 

written as azjtip. 

FIG. 3. The effect of finite gas phase mass transfer resistances on the enhancement of absorption for a2 = 0.1. 

the parameter. In all cases, the enhancement is less 
than that observed in the absence of external diffusion 
limitations. The effect is most pronounced at low 
values of the modulus. At large values of the modulus, 
the curves will be given by rri = [tanh z/(1 + CI tanh 
c+i)][az] as seen from equation (18). The increase in 
mass transfer resistances in the gas phase, characte- 
rized by decreasing values of the Biot number, results 
in a more rapid transition to the reaction controlled 
absorption regime which is now modified by external 
gas transfer. When the Biot number is small relative to 
a, the absorption rate will be entirely controlled by the 
rate of transport from the gas phase to the gas-liquid 
interface. 

CONCLUSIONS 

The analytical solution for mass transfer into la- 
minar falling films with the combined effects of homo- 
geneous first order reaction and gas phase mass 
transfer resistance has been presented. The enhance- 
ment of absorption, relative to the case of absorption 
into a stagnant film with no reaction or gas phase 

resistance, has been shown to display two linear 
regimes corresponding to the liquid phase diffusion 
control and the reaction control of absorption when 
the enhancement factor is plotted in the manner 
suggested by Best and Hoerner [lo]. With gas phase 
mass transfer resistance, the absorption rates can be 
significantly smaller than those observed for the case of 
no resistance, particularly when the Biot number and 
the modulus given by equation (24) are small. 
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ABSORPTION DE GAZ DANS DES FILMS TOMBANTS LAMINAIRES 
AVEC DES REACTIONS HOMOGENES DU PREMIER ORDRE ET DES 

RESISTANCES DE TRANSFERT MASSIQUE 

R&m&-On donne une solution analytique de 1’6quation reprisentant l’absorption de gaz dans les films 
tombants laminaires avec une riaction homogtne du premier ordre et une resistance au transfert massique. 
L’analyse est simplifile en introduisant un coefficient ph&om&ologique de transfert massique Bi qui est un 
nombre de Biot. Un facteur d’amClioration est dtfini comme le rapport du flux d’absorption calculi au flux 
obtenu B partir du mod&Ie simpiedep&tration. On montre aussi que les rbistances au transfert massiqueen 
phase gazeuse peuvent abaisser nettement Ies flux d’absorption par rapport & ceux obtenus en I’absence de 

risistance. 

GASABSORPTION IN LAMINAREN RIESELFILMEN MIT HOMOGENER REAKTION 
ERSTER ORDNUNG UND STOFF~BERGANGSWIDERSTAND IN DER GASPHASE 

Zusammenfassung - Eine analytische LGsung der beschreibenden differentiellen Gleichung fiir 
Gasabsorption in Rieselfilmen mit Reaktion erster Ordnung und externem Stoffiiberganswiderstand in der 
Gasphase wird gezeigt. Durch das Einfiihren eines ph$nomenologischen Faktors, Bi, d.h. Biot- 
Nummer,wird die Analyse vereinfacht. Ein Verstlrkungsfaktor wird als Verhiltnis der berechneten 
Absorptionsraten und derjenigen aus dem einfachen Penetrationsmodell definiert. Weiter wird gezeigt, dass 
der Stoff~bergangswide~tand in der Gasphase die Absorptionsraten erheblich reduzieren kann, verglichen 

mit derjenigen ohne Gasphasenwiderstand. 

A6COP~4~~ l-A3A B ~~AM~HAPHbIX ~~KA~~~X n~EHKAX nPW HA~~~~~ 
OfiHOPOAHOi;l PEAKI@IM flEPBOI-0 I-IOPIiAKA M ~OnPOT~B~EH~~ nEPEHOCY 

MACCbI CO CTOPOHbI I”A30BOii @A3bI 

Anaaraluln-AaHoaHanllTMqecKoe peLueaee OCHOBHO~O na+$epeHuaanbHoro ypaBHeHas D.~R a6cop6- 

UBA ra3a B JraMmiapnblx crerammtix nneHKax npa HanAYmf 0n~0p0LiH0il peamae nepaoro nopanlta 
n COnpOTirBJIetIH% IlepeHOCy MBCCM, oKa3bIBaeMoro etfeuweti ra3oBoB cpenok AHam ynpoIMeH 38 

CreT BBOjl8 ~eHOMeHO~qOr~e~KOr0 MaCCOO6MeHHOrO KOS#+iUBeHTa Bi. 7. e. YHCJla 6HO. &iTeH- 

c~~~u~py~m~~ i+aK-rop on~~e,~~e~~a KaX o~~ome~~e pacreTHoi% cxopoc~~ ~orno4eH~~ K eltopocm 

ilOLTOlUeHe% OIipe,!Xe.enXeMOii C IlOMOlLlbK) IlpOCTOii M0ne.m npomuawfl. FIoKa3aHo Tame, ~TO 

COnpOTIiBneHAe nepeHOCy MaCCbl CO CTOpOHbI BHerUH‘.?fi Ri3OBOfi +a3bl MOleT SHa'IUTeJlbHO CH113HTb 

HHTeHCABHOCTb a6cop6mm 


